ABSTRACT. Weak effect algebras were introduced by the author as a generalization of effect algebras and pseudoeffect algebras. It was shown that having a basic algebra, we can restrict its binary operation to orthogonal elements only and what we get is just a weak effect algebra. However, the converse construction is impossible due to the fact that the underlying poset of a basic algebra is a lattice which need not be true for weak effect algebras. Hence, we found a weaker structure than a basic algebra which can serve as a representation of a weak effect algebra. The concept of effect algebra was introduced by D. J. Foulis and M. K. Bennett [9] for the algebraic axiomatization of unsharp reasoning in quantum logics. A. Dvurečenskij and T. Vetterlein generalized this concept by dropping commutativity of the partial binary operation. Their structure is called a pseudoeffect algebra and was introduced in [6] . It was shown in [2] that the partial binary operation of an effect algebra can be extended into a total operation. The resulting structure is a so-called weak basic algebra. This weak basic algebra represents an effect algebra if and only if it satisfies a rather complex identity which in fact describes the condition saying that for orthogonal elements, the partial operation addition is associative and commutative (which need not be true for the total operation). Dropping this assumption, we can derive more general structures, so-called weak effect algebras (see [1] ). Hence weak effect algebras form a generalization of effect algebras where also associativity is deleted.
Recall that a basic algebra (see e.g. [1] , [3] , [4] ) is an algebra A = (A; ⊕, ¬, 0) of type (2, 1, 0) Having an arbitrary basic algebra A = (A; ⊕, ¬, 0), the restriction of the binary operation ⊕ to orthogonal elements yields a partial binary operation + such that (A; +, 0, 1) becomes a weak effect algebra. Unfortunately, weak effect algebras cannot be represented by means of basic algebras since every basic algebra induces a lattice order but weak effect algebras need not be lattice ordered (see [1] ). Hence, we search for a suitable algebras which can represent weak effect algebras. It seems this can be the so-called weak basic algebra introduced by R. Halaš and L. Plojhar [7] (under a different name "weak MV-algebra").
We start with the following definition.
Ò Ø ÓÒ 1º (see [1] ). A partial algebra E = (E; +, 0, 1) of type (2, 0, 0) is called a weak effect algebra if it satisfies the following conditions:
(E1) for each a ∈ E there exists a unique b ∈ E such that a
The following was proved in [1] . We will need the following concept of a weak basic algebra (introduced by R. Halaš and L. Plojhar [7] ). Instead of the original axiomatic system from [7] , we will use an equivalent one from [2] which is a bit more simple.
ÈÖÓÔÓ× Ø ÓÒ 2º
Ò Ø ÓÒ 3º A weak basic algebra is an algebra A = (A; ⊕, ¬, 0) of type (2, 1, 0) satisfying the following axioms:
As shown in [2] and [7] , the relation ≤ defined on a weak basic algebra A = (A; ⊕, ¬, 0) by
is an order on A and 0 ≤ a ≤ 1 for each a ∈ A. Hence, (A; ≤) is an up-directed set. We can define a term operation as follows:
It was proved in [2] that (A; ) is a commutative directoid (in the sense of [8] ), i.e. it is characterized by the identities
It is well known that x ≤ y if and only if x y = y and for any x, y ∈ A it holds that x y ≥ x, x y ≥ y. Moreover, if a ∈ A and x ∈ [a, 1] then the mapping
It was shown in [2] that ¬x = β 0 (x) and
is a weak basic algebra if and only if it satisfies the identity
and hence the class W of weak basic algebras forms a variety.
Ä ÑÑ 4º Let A = (A; ⊕, ¬, 0) be a weak basic algebra and β a defined by (A).
thus also a ≤ y and
We are ready to prove our first result. The main goal of this paper is to prove the converse, i.e. that every weak effect algebra can be extended to a total algebra which is just a weak basic algebra.
Ì ÓÖ Ñ 5º Let

Ì ÓÖ Ñ 6º Let E = (E; +, 0, 1) be a weak effect algebra, let ≤ be its induced order. Define a directoid operation on (E; ≤) as follows
• if the supremum x ∨ y exists then x y = x ∨ y
• if x ∨ y does not exist then x y = y x is an arbitrary element of E such that x, y ≤ x y.
Let ¬x = x and x ⊕ y = (x y) + y. Then A(E) = (E; ⊕, ¬, 0) is a weak basic algebra where a ⊕ b = a + b whenever a ≤ ¬b. P r o o f. Since (E; ≤) has a greatest element 1, it is an up-directed set and hence (E; ) as defined is a commutative directoid with 0. For every a ∈ E we define β a (x) = x + a for x ∈ [a, 1]. Since a ≤ x, x + a is defined. By (a) of the Proposition 2, a ≤ x + a = β a (x) thus β a is a mapping of [a, 1] into itself. By (d) of the Proposition 2 we have β a β a (x) = (x + a) + a = x thus β a is an involution on [a, 1]. If x, y ∈ [a, 1] with x ≤ y then, by (b) of the Proposition 2, y ≤ x and, using (E6), we conclude β a (y) = y +a ≤ x +a = β a (x). Altogether, for any a ∈ E the mapping β a is an antitone involution on the section [a, 1] and hence (E; ) is a commutative directoid with section antitone involutions.
As defined above, β a (x) = x + a thus x = x + 0 = β 0 (x). Hence, we define ¬x = x = β 0 (x) and x ⊕ y = β y β 0 (x) y = (x y) + y. We are going to check the axioms (W1)-(W6) to prove that A(E) = (E; ⊕, ¬, 0) is a weak basic algebra. Of course, β 0 (0) = 1 and β 0 (1) = β 0 β 0 (0) = 0. Further
(W6): If ¬x ⊕ y = 1 and ¬y ⊕ z = 1 then x ≤ y and y ≤ z thus β x (z) ≤ β x (y) and hence
Remark 7º
Of course, for a given weak effect algebra E = (E; +, 0, 1) the weak basic algebra A(E) is not determined uniquely in a general case but it depends on our choice of the directoid (E; ). On the other hand, although the operation and hence also ⊕ can be organized in many different ways, Theorem 6 ensures that the original addition + in E is a restriction of ⊕ for orthogonal elements without regard of this choice.
Remark 8º
Due to Theorem 5 and Theorem 6, weak effect algebras can be identified with weak basic algebras. The advantage is that weak basic algebras are total algebras and hence we can use the tools of universal algebra when making constructions with them. Moreover, the class W of weak basic algebras is a variety and, as shown in [7] , this variety has nice congruence properties, i.e. it is congruence regular and arithmetical (i.e. congruence distributive and congruence permutable).
Remark 9º
Assume that a weak effect algebra E = (E; +, 0, 1) is lattice ordered, i.e. it is a lattice with respect to the induced order ≤. Then x ∨ y exists for each x, y ∈ E and, by the construction of Theorem 6, x y = x ∨ y and hence the directoid (A; ) is in fact a uniquely determined semilattice with section antitone involutions. As we have shown in [3] , this means that the algebra A(E) = (E; ⊕, ¬, 0) is just a basic algebra. In view of [1] , we conclude: (2) Let E = (E; +, 0, 1) be a lattice ordered weak effect algebra. Define ¬x = x and x ⊕ y = (x ∨ y ) + y. Then A(E) = (E; ⊕, ¬, 0) is a basic algebra.
(
3) The assignments A → E(A) and E → A(E) are mutual one-to-one correspondences, i.e. A E(A) = A and E A(E) = E.
We are closing with an example of a weak effect algebra derived by a weak basic algebra which is not lattice ordered and which is neither an effect algebra nor a pseudoeffect algebra.
Example 11. Consider an algebra A = (A; ⊕, ¬, 0) for A = {0, a, b, c, a , b , c , 1} where the operations ¬ and ⊕ are given as follows 1 c 1  c c b a c a b 1 1  a a 1 a a a 1 1 1  b b a 1 b 1 1 1 1  c c c c 1 1 1 c 1  1 1 1 1 1 1 1 1 1 The induced order is visualized in Fig. 1 One can check that + is not commutative (e.g. a + c = a = b = c + a) and is not associative (e.g. (a + c) + a = a + a = 1, a + (c + a) = a + b but a + b is not defined).
Hence, (A; +, 0, 1) is a weak effect algebra which is not lattice ordered, it is not an effect algebra and not a pseudoeffect algebra.
